Abstract. Let Z be a non-compact two-dimensional manifold and ∆ be a one-dimensional foliation of Z such that ∂Z consists of leaves of ∆ and each leaf of ∆ is non-compact closed subset of Z. We obtain a characterization of a subclass of such foliated surfaces (Z, ∆) glued from open strips R × (0, 1) with boundary leaves along some of their boundary intervals.
Introduction
Let Z be a non-compact two-dimensional manifold and ∆ be a one-dimensional foliation on Z such that each leaf ω of ∆ is homeomorphic to R and is a closed subset of Z.
This kind of foliations was studied by W. Kaplan [7] , [8] , where he proved that every such foliation on R 2 has the following properties.
(1) There exists a pseudoharmonic function f : R 2 → R taking constant values along leaves of ∆ and "strictly monotone in directions transversal to leaves", see W. Boothby [1] , [2] , M. Morse and J. Jenkins [6] , M. Morse [13] for further developments. (2) There exist at most countable family of leaves {ω i } i∈J such that for every connected component S of R 2 \ {ω i } i∈J one can find a homeomorphism φ : S → R × (0, 1) sending the leaves in S onto horizontal lines R × {t}, i ∈ (0, 1). However the procedure of cutting along leaves ω i was not canonical, as Kaplan tried to minimize the total number of strips, and for that reason the closures of connected components R 2 \ {ω i } i∈J can have a complicated structure. In particular, the above homeomorphism φ does not always extend to an embedding of S into R × [0, 1].
In [10] the authors of the present paper introduced and studied a class of foliated surfaces (Z, ∆), called striped , glued from strips S being open subsets of R × [0, 1] and containing R × (0, 1).
Further in [11, Theorem 1.8 ] they also characterized a subclass of striped surfaces having the property that the quotient map p : Z → Z/∆ into the set of leaves is a locally trivial fibration with fiber R in terms of the so-called special leaves, see Definition 2.2. Such leaves are points where Z/∆ fails to be Hausdorff. It was shown that under the above assumption a foliated surface (Z, ∆) admits "striped structure" if and only if the family of special leaves is locally finite, see Theorem 4.1 below.
In the present paper we introduce a more general notion of singular leaves, see Definition 2.5, corresponding to points of Z/∆ that do not have an open neighbourhood U such the pair (U , U ) is homeomoprhic with [0, 1], (0, 1) .
The aim of the present paper is to give a complete characterization of striped surfaces: we show that a foliated surface (Z, ∆) admits a "striped structure" if and only if the family of all singular leaves is locally finite, see Theorem 4.4.
Structure of the paper. In §2 we recall necessary definitions of striped surfaces, types of leaves and relationships between them. §3 is devoted to proof of a technical result about cutting a foliated surface along isolated leaves, see Theorem 3.2. §4 contains main results of the paper: characterization of strips and striped surfaces, see Theorems 4.3 and 4.4, based on Theorem 4.2 being an extension of [11, Theorem 1.8] and proved in §5.
Preliminaries
Space of leaves of a foliation. A foliated surface is a pair (Z, ∆), where Z is a twodimensional manifold and ∆ is a one-dimensional foliation on Z such that each connected component of ∂Z is a leaf of ∆.
Denote by Y = Z/∆ the set of all leaves of ∆, and let p : Z → Z/∆ be the natural projection associating to each z ∈ Z the leaf of ∆ containing z. We will endow Y with the quotient topology, so a subset For a subset U ⊂ Z its saturation, S(U ), with respect to ∆ is the union of all leaves of ∆ intersecting U . Equivalently, S(U ) = p −1 (p(U )). Notice that the openness of p means that for each open U ⊂ Z its saturation S(U ) is open as well. It easily follows from openness of p that for each saturated subset U ⊂ Y its closure U is saturated as well.
If U is open and saturated, then by ∆ U we will denote the induced foliation on U whose leaves are connected components of the intersections ω ∩ U over all ω ∈ ∆.
By the Hausdorff closure, hcl(y), of a point y ∈ Y we will mean the intersection of closures of all neighbourhoods of y, that is
Evidently, y ∈ hcl(y). Moreover, Y is Hausdorff if and only if {y} = hcl(y) for each y ∈ Y .
We will say that a point y ∈ Y is special 1 whenever {y} = hcl(y). Similarly, for a leaf ω ∈ ∆ let
where N (ω) runs over all open neighbourhoods of ω and N S (ω) runs over all open saturated neighbourhoods of ω.
Lemma 2.1. [11, Lemma 3.5] Let ω ∈ ∆ and y = p(ω). Then
This lemma is a consequence of openness of the projection p. It also allows to give the following definition: Definition 2.2. A leaf ω ∈ ∆ will be called special 2 whenever either of the following equivalent conditions hold:
• ω = hcl(ω);
1 See also [5, Definition 3] and [3] where such points are called branch. 2 In [10] authors introduced a class of "striped" foliated surfaces and used the term "special leaf " in a slightly distinct sense. Further in [11] , [12] , and [9] they classified a certain subclass of striped surfaces in terms of special leaves but in the sense of Definition 2.2. We will clarify the difference of definition in [10] with Definition 2.2, see Remark 2.10.
• ω = hcl S (ω); • y = p(ω) is a special point of Y , that is y = hcl(y).
A homeomorphism h : Z → Z between foliated surfaces (Z, ∆) and (Z , ∆ ) will be called foliated if for each leaf ω ∈ ∆ its image, h(ω), is a leaf of ∆ . Then γ is a cross section of ∆, whenever p • γ : J → Z/∆ is injective, that is for distinct u, v ∈ J their images γ(u) and γ(v) belongs to distinct leaves of ∆. Also γ is a local cross section of ∆, whenever p • γ : J → Z/∆ is locally injective. Similarly, a leaf ω ⊂ ∂Z is regular if there exists a saturated neighbourhood U of ω such that the pair (U , U ) is foliated homeomorphic with R × [0, 1], R × [0, 1)) via a foliated homeomorphism sending ω onto R × 0.
A leaf being not regular will be called singular.
Let Spec(∆) be the family of all special leaves of ∆ and Sing(∆) be the family of all singular leaves. Lemma 2.6. Every regular leaf is non-special, that is every special leaf is singular, and so Spec(∆) ⊂ Sing(∆).
Proof. Let ω ⊂ Int Z be a regular leaf belonging to the interior of Z, so there exists a saturated neighbourhood U and a foliated homeomorphism
is an open foliated neighbourhood of ω and
so ω is non-special. The case ω ⊂ ∂Z is similar and we leave it for the reader.
For such a strip we will use the following notation:
Notice that the boundary ∂S is open in R × {u, v} and therefore it is a disjoint union of at most countably many open (possibly unbounded) intervals. Evidently, each strip S possesses an oriented one-dimensional foliation into horizontal lines R × t, t ∈ (u, v), and boundary intervals of ∂S. We will call that foliation canonical .
Striped atlas. Let Z be a two-dimensional topological manifold (surface) and Z 0 = λ∈Λ S λ be at most countable family of mutually disjoint strips. A striped atlas on Z is a map q : Z 0 → Z such that (1) q is a quotient map, i.e. it is continuous, surjective, and a subset U ⊂ Z is open if and
are embeddings with closed images; Notice that each striped atlas q induces on Z a one-dimensional foliation obtained from canonical foliations on the corresponding strips S λ . We will call it the canonical foliation associated to the striped atlas q and denote by ∆. Evidently, each leaf of ∆ is a homeomorphic image of R and is also a closed subset of Z.
A foliated surface (Z, ∆) will be called striped whenever Z has a striped atlas for which ∆ is a canonical foliation.
Notice also that for each γ ∈ Γ we have a "gluing" homeomorphism
so a striped surface is obtained from a family of strips by gluing them along certain boundary intervals by homeomorphisms φ γ , see Figure 2 .1.
. Gluing boundary intervals
It is allowed to glue two strips along more than one pair of boundary components, and one may also glue boundary components belonging to the same strip and even to the same side of the same strip.
The latter possibility is the point of difference between the definition of special leaves in [10] and Definition 2.2.
Standard foliated cylinder and Möbius band. Let S = R × [0, 1], s = ±1, and φ s : R × {0} → R × {1} be the homeomorphism given by φ s (x, 0) = (sx, 1). Then the quotient mapping q : S → S/φ s is a striped atlas consisting of one strip. The corresponding striped surface S/φ s will be called the standard open cylinder for s = +1, and the standard Möbius band for s = −1.
Types of leaves of canonical foliation. Let q : λ∈Λ S λ → Z be a striped atlas. Then each leaf ω of the associated canonical foliation ∆ has precisely one of the following properties: (a) ω = q(Int S λ ) for some λ ∈ Λ.
(b) ω ⊂ q(∂ σ S λ ) ⊂ ∂Z for some λ ∈ Λ and σ ∈ {−, +}. This case splits into two subcases:
and σ, σ ∈ {−, +}. This situation splits into the following three cases: (c1) λ = λ , X = ∂ σ S λ , and Y = ∂ σ S λ , so in this case σ = −σ, that is we glue distinct sides of the same strip S λ and each of these sides consists of a unique interval;
(c33) all other cases.
Thus the cases (c31) and (c32) correspond to gluing boundary intervals belonging to the same side of the same strip.
The following lemma characterizes special, regular, and singular leaves of canonical foliations of striped surfaces with types (a)-(c33). In particular, it shows that the difference between singular and special leaves of the canonical foliation constitute leaves of type (c31). The proof is straightforward and we leave it for the reader. and Möbius band, then every striped atlas consisting of at most countably many strips can be replaced with a reduced one, i.e. having no leaves of types (c1) and (c2). In other words, in a reduced atlas each leaf of type (c) is in fact of one of the types (c31), (c32), (c33). However, the types (c31), (c32), (c33) were not distinguished in [10] and a leaf having either of those types was called special .
On the other hand, if (Z, ∆) is a striped surface, then, due to (1) of Lemma 2.7, a leaf ω is special in the sense of Definition 2.2 iff ω is of one of the types (b2), (c32), or (c33).
Such an ambiguity led to an incorrect formulation of the definition of a reduced atlas saying that a striped atlas is called reduced whenever D = ∂Z ∪ Spec(∆), see a sentence before [9, Theorem 3.7] . It must be read as Definition 2. (i) ω is of type (c33); (ii) ω is special, i.e. ω = hcl(ω); (iii) ω is singular;
(iv) ω is of type (c), so ω = q(X γ ) = q(Y γ ) for some γ ∈ Γ. If, in addition, each singular leaf is contained in ∂Z, then there is no leaves of type (c), whence q is a homeomorphism, and so Z is a disjoint union of strips.
Proof. The implications (i)⇒(ii)⇒(iii) directly follow from (1) and (4) of Lemma 2.7.
(iii)⇒(iv). If ω is a singular leaf contained in Int Z, then by (4) of Lemma 2.7 ω is of one of the types (c31), (c32), or (c33), and so it is of type (c).
(iv)⇒(i). Suppose a leaf ω is of type (c). Since the atlas is reduced, ω is not of types (c1) and (c2). Moreover, as ω admits a cross section, if follows from (i) of Lemma 2.7 that ω is not of types (c31) and (c32) as well. Hence ω is of type (c33).
For the last statement notice that by the construction of the atlas each leaf of type (c) is contained in Int Z. Moreover, the equivalence (iii)⇔(iv) implies that every such leaf must also be singular. Hence if each singular leaf ω of ∆ is contained in ∂Z, then q will have no leaves of type (c). In other words, no strips are glued via q, whence q is a homeomorphism and Z is a disjoint union of strips. Proof. Put U = Z\Sing(∆) and let j : U ⊂ Z be the inclusion map. For each leaf ω ∈ Sing(∆) and each point z ∈ ω let also U z = (−1, 1) × (−1, 1),
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, and φ z : U z → Z be an embedding guaranteed by Definition 3.1, so
Since Sing(∆) is locally finite, one can additionally assume that
be the disjoint union of U with sets U − z and U + z over all leaves ω ∈ Sing(∆) and z ∈ ω. Then we have a natural mapp : N → Z defined bŷ 
Since the setsp(U ) and φ z (U z ), z ∈ ω ∈ Sing(∆), are open in Z, and so are their intersections with A, it follows that A is open in Z as well.
We will now representp as a composition of two continuous mapŝ
where p will satisfy the statement of Theorem 3.2. For every z ∈ Sing(∆) let
), x ∈ Sing(∆), σ = ±} be the family of all U σ x whose image in Z contains z. Notice that for each U σ x ∈ V z there exists > 0 such that exactly one of the following two conditions holds:
Hence V z is a disjoint union of two subfamilies, see Fig. 3 .1:
Moreover, we get the following partition of N :
where
Let Z = N/F be the set of elements of F and q : N → Z be the quotient map. Endow Notice that
whencep induces a map p : Z → Z giving the required decompositionp = p • q, see (3.1). Verification of properties (1)- (3) is left for the reader.
Main results
In this section we will assume that (Z, ∆) is a foliated surface with countable base and such that each leaf of ∆ is homeomorphic to R and is a closed subset of Z. Let also Spec(∆) ⊂ Sing(∆) be the families of all special and singular leaves of ∆ respectively.
The following statement characterizes striped surfaces without leaves of types (c31) and (c32). The following extension of Theorem 4.1 allows to check the existence of cross sections only for leaves in the interior of Z. Theorem 4.2. Suppose that Sing(∆) is locally finite, and each leaf of ∆ contained in Int Z admits a cross section. Then each leaf in ∂Z also admits a cross section. Hence by Theorem 4.1 (Z, ∆) is a striped surface.
We will prove it in §5. As a consequence of Theorem 4.2 we get the following characterization of strips. Theorem 4.3. Suppose Z is connected, the family Sing(∆) is locally finite, and Sing(∆) ⊂ ∂Z. Then Z is foliated homeomorphic either to a standard cylinder or to a standard Möbius band or to a strip.
Proof. Suppose (Z, ∆) is neither a standard cylinder nor a standard Möbius band. We should show that then it is foliated homeomorphic to a strip.
By Lemma 2.6 Spec(∆) ⊂ Sing(∆), whence Spec(∆) is locally finite as well. Moreover, as Spec(∆) ⊂ Sing(∆) ⊂ ∂Z, it follows that each leaf in Int Z is regular, and therefore it admits a cross section. Hence by Theorem 4.2 (Z, ∆) admits a reduced atlas q. As Sing(∆) ⊂ ∂Z, if follows from Lemma 2.11 that Z is a disjoint union of strips. But Z is connected, so it is a strip itself.
The next statement characterizes all striped surfaces. (1) (Z, ∆) admits a striped atlas;
(2) the family Sing(∆) of all singular leaves is locally finite.
Proof. The implication (1)⇒ (2) is contained in Corollary 2.9.
(2)⇒(1). Suppose the family Sing(∆) of singular leaves is locally finite. By assumption each leaf ω of ∆ is homeomorphic to R and is a closed subset of Z. Therefore every foliated chart intersects ω by a discrete family of arcs. Hence each singular leaf is isolated, and therefore by Theorem 3.2 there exists a foliated surface ( Z, ∆) and a quotient map q : Z → Z such that a) the restriction q :
is a foliated homeomorphism, and b) for each leaf ω ∈ Sing(∆) the inverse image q −1 (ω) consists of two leaves
Let Sing( ∆) be the family of all singular leaves of ∆. Since Sing(∆) is locally finite, and p is two-to-one on Sing( ∆), it follows that Sing( ∆) is locally finite as well. Moreover, Sing( ∆) ⊂ ∂ Z, whence by Theorem 4.3 every connected component of Z is a strip. Hence q is a striped atlas for (Z, ∆). Suppose there exists a leaf ω of ∆ belonging to ∂Z and having no cross sections. Then ω is singular. We will find a sequence of singular leaves converging to ω. This will give a contradiction with the assumption that Sing(∆) is locally finite.
Let x ∈ ω, φ : (−1, 1) × [0, 1) → Z be a foliated local chart at x such that φ(0, 0) = x, and δ : [0, 1) → Z be defined by δ(t) = φ(0, t).
Since ω does not admit cross sections, it follows that for each ε > 0 the curve δ((0, ε)) ⊂ Int Z intersects some leaf of ∆ more that once. So, one can find a ε < b ε ∈ (0, ε) such that δ(a ε ) and δ(b ε ) belong to the same leaf. As each leaf in Int Z admits a cross section, it follows that δ((0, ε)) is a local cross section. Hence, δ : [a ε , b ε ] → Int Z is also a local cross section. This implies that arbitrary small neighbourhood of x intersects infinitely many singular leaves, whence Sing(∆) is not locally finite which contradicts to the assumption.
